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MULTIVALUED SOLUTIONS OF THE SPATIAL
PROBLEMS OF NONLINEAR DEFORMATION
OF THIN CURVILINEAR RODS

V. V. Kuznetsov and S. V. Levyakov UDC 539.3

We have developed a finite-element model to study the spatial deformation of elastic rods at
large displacements. A numerical algorithm for constructing multivalued nonlinear solutions
in the presence of many bifurcation and limit points is formulated. Results of a study of the
stability supercritical equilibrium forms of elastic rods, which were supported ezperimentally,
are reported.

Beginning with the studies of Kirchhoff [1] and Clebsch [2], many publications have been devoted
to the development of the theory of spatial bending of thin rods, for example, various versions of the
nonlinear relations were discussed in [3-7] as applied to flexure in the region of large displacements and
small elastic deformations. However, in practice the solution of the problems of nonlinear deformation of
curvilinear rods causes some difficulties associated with the complexity of the description of finite rotations
in a three-dimensional space. Exact analytical solutions can be derived only for a narrow class of problems [8]
and, therefore, numerical methods of analysis acquire importance. The approaches to the construction of the
solutions of a system of nonlinear differential equations that describe the finite displacements of curvilinear
rods are considered [9, 10]. Ivanov and Ivanova [11, 12] developed the self-balanced discrepancy method as
applied to calculation of stable equilibrium forms for cantilevered rods.

A number of papers [13-17] dealt with the development of finite-element models. It is worth noting that
the application of the proposed numerical approaches to the solution of nonlinear static problems for rods was
mainly illustrated by the construction of one-valued branches of the solutions without analysis of the stability
of the equilibrium states found. At the same time, the solution of the nonlinear deformation problems for
thin elastic bodies is known to be closely connected with stability problems and analysis of possible singular
points on the curves of equilibrium states (deformation curves). The authors are not aware of studies devoted
to nonlinear solutions with many bifurcation points and an analysis of the stability of equilibrium forms. It is
clear that obtaining such solutions in the general case is possible with the use of numerical algorithms that are
attributed to both the mechanics of discrete deformable systems and the methods of analysis of the solutions
of the corresponding systems of nonlinear equations. The methods of constructing such solutions have not
been examined adequately.

In the present paper, a finite element of a spatial deformable rod is proposed on the basis of the theory
of kinematic groups [18]. Exact formulas for calculation of the coefficients of the first and second variations of
the potential energy of the element are derived, which are used to formulate the conditions of equilibrium and
stability. Problems of the construction of the solutions in the vicinity of singular points are considered. Two
classical problems of flexure of a one-section beam and a circular ring under conservative loads are solved. It
is shown that even in these known problems, there are many singular points and bifurcating solutions, which
were not studied previously and which can be reproduced in experiments.
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1. To formulate the finite-element model of a spatial rod, we use the propositions of the theory of
kinematic groups [18], which is intended to construct discrete analogs of nonlinearly deformable bodies whose
displacements and rotations are not restricted. We shall use the notation adopted in [18]. In addition, we shall
use summation over repeat indices, unless otherwise specified.

We select two nodal points (0 and 1) on the axial line of a rod (the lines of centoids of the transverse
cross sections) and place, at each of them, two orthogonal vectors {dg; and di; (j = ! and 2)] which lie in the
plane of transverse cross sections. The thus-formed kinematic group is characterized by the following three
metric tensors, the first of which is a scalar:

aj1 = rir1, bimp =ridmp, Cmpng = dmpdng (m,n=0,1and p, ¢ =1, 2).

Here r; = Ry — Ry (R are the nodal values of the radius-vector of the rod’s axial line).
We shall present relations for the kinematic group, which are necessary for subsequent manipulations.
The strain tensors of the group are of the form

1 1
€11 = i(r}/r}’ — rlrl), 191,,,,, = E(r}/d'\:"’ - rldmp): Vmpnq = (dv dv dmpdnq)
(man=0, l and p, ¢ =1, 2)’

where the superscript v denotes the quantities attributed to the deformed state.
For the first strain tensor, two variations can be determined, whereas there are arbitrary- order
variations for the second and third tensors:

Se1y =ry(6RY = 6RY), &% = (SRY — 6RY)?, 6"01mp = - (rY 65 d),, + kéry6*71dY,,),

(SR

8 mpng = Z Cis'dY 6tdY,  (k=1,2,..). (1.1)

3—0
Here C} are binominal coefficients. For subsequent manipulations, it suffices to confine ourselves to the case
k=1 and 2, i.e., to consider the calculation of only two first variations of the strain tensors of the group.
We assume that the added vectors at the nodes remain unit and orthogonal in the process of group
deformation, i.e., the condition ¥mpme = 0 is satisfied (no summation over m). In this case, the variations of
the added vectors in (1.1) are given by the following formulas (no summation over m):

8dY,, = bwm X dy,y, 6%d), = 6w X (§wm x dY,;) (m=0,1and p=1,2). (1.2)

Here wy, are the nodal values of the rotation vector. We shall use the expansion of the vector in the basis e;
of the Cartesian coordinate system z; (i =1, 2, and 3):

It follows from relations (1.1)-(1.3) that three variations of the Cartesian coordinates and three variations of
the components of the rotation vector correspond to each node. Thus, the possible states of the kinematic
groups considered are characterized by a 12-component vector of the variations of the generalized coordinates:

= [6q(t)a Jqﬂ, 8q:n = [6.1::.,/11, 62::121 61;& &"mh &""m% 5“""3]‘

The strain state of the groups is determined by six independent components which form the vector of
generalized elastic displacements: u* = [e11, 9101, 9102, F111,9112,8] (8 = vi102 — V1201 is a parameter that
characterizes the mutual rotations of the planes of transverse cross sections at the nodes of the group).

2. We shall consider the strain relations for the finite element of a rod that are associated with this
kinematic group. If the nodes on the axial line of the rod are chosen to be sufficiently close, the element will
be shallow relative to the secant passing through its nodes. Here the strains of the element can be expressed
via the strains of the group:

€=511/12, ae,:N::,ﬂlmp, x=0/l (p=1,2;, m=0,1), 1)
2.1
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No =2s(s = D2/, Ny =2s%(s -1/, 0<s<L

Here [ is the length of the element and the derivative with respect to the coordinate s is primed.
We write the potential deformation energy of the finite element in the form

{
= % / (EFe® + Elpqapy + GJIx?) ds, (2:2)
0

where EF, El,,, and GJ are the tensile, flexural, and torsional rigidities of the rod. Substituting (2.1) into
(2.2) and integrating, we obtain the following expression for the potential energy as a quadratic form relative
to the components of the vector of generalized elastic displacements:

I =(1/2)u*Ku.
Here K is the symmetric stifiness matrix whose nonzero components are of the form
K1 = EF[B, Ky =16ELy/®, K3 =16ED3/B, Koy = (1/2)K32,
Kaos = (1/2)Ka3, Kz = 16EIn/l®, Ky = (1/2)Kzs, Kis = (1/2)K33,
K4y = K22, Ky5 = K23, Kss = Kzs, Kes=GJ/L
The first and second variations of the potential energy are, respectively, the linear and quadratic fox;ms
of the form 6I1 = 6q'g and %Il = §q*Héq, where g and H are the gradient and the Hess matrix of the
element, respectively, which are calculated by the formulas
g=uP, P=Ku H=uK(@U)+Pu (i=1,...,6).

Here u’ and u are matrices that establish the dependence of the first and second variations of the components
of the vector of generalized elastic displacements on the variations of the generalized coordinates of the
kinematic group. The derivatives below, which determine the matrices u’ and u, are found as the coefficients
at the variations of generalized coordinates after the variations of the components of the vector u are derived
using relations (1.1)-(1.3).

The nonzero components of the matrix u' are calculated according to the formulas (no summation
over m)

e a9 1 aJ 1
6:::..1.' = bybnZai, a;::p = 3 bnAmpis ﬁ = 3 CiikbnZakdmpj,
80 1 a0 1
F. =3 €;ijkDij, deon: =3 eijkDjt,

Djr = Ayjrozk — A2jdoiks, bo=-bi=-1 (4,5,k=1,2,3, m,n=0,1, and p=1,2),

where e;j; = (e; X ej)e; are the Levi-Civita symbols. Here and below, the superscript v is omitted for brevity.
The nonzero components of the matrices uf are determined by the formulas (no summation over i

and m)

02611 8%y 1mp 1
0ZmidTni bmbn, OTpkOwmi 58""1”"\""’”
awMiawmj - Z b"znkAmpl(6k16‘I + 6’"61' - 26“6'1)’ m B Z (Du + DJ: - 26:)Dkk),

0 1
Owo; 0w )
(6i; is the Kronecker symbol).
The relations obtained enable one to calculate the gradient and Hess matrix of the finite element of
the rod.

(aij‘qkk - DU) (iy j’ k’ l= 11 2, 3; m,n= 07 1; p= 1, 2)
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3. We shall consider the iterative method of finding the spectrum of solutions of nonlinear equilibrium
problems for a discrete system under conservative loads. We assume that the variations of the potential
deformation energy Il of a discrete system (an ensemble of finite elements) depend on N variations of the
generalized coordinates: éqy, ..., éqn, and the variation of the potential of external forces W dependson N +1
variations: 8¢qi,...,0qN,8qN+1. By 6gn 41, we mean the variation of the load parameter.

The variational equilibrium equation is of the following form (equation of the Newton-Rafson method
with a varying load parameter) at the kth iteration of some extension step:

hiTl6gf + g8 = 0. (3.1)

Here hf—‘j = (h?j-{-h}'}’ k gf = (gin-i-g‘w)k (i=1,...,N; j=1,...,N+1); ¢¥ and hfj are the components of
the gradient and the Hess matrix of the total potential energy of an ensemble of finite elements; the superscripts
IT and W refer to the potential deformation energy and the potential of external forces, respectively; the values
of g and h};‘-’ are determined by the formulas g = 8W/dg; and hg-’ = §?W/8q;8q; for the general case.

System (3.1) consists of N equations for N + 1 unknowns. We construct the general solution of this
system assuming that the N-order square matrix th,“ is not degenerate. We seek the solution of Egs. (3.1)
which belongs to the Euclidean space Ry,; with the norm &s* = (6¢Fé6¢F)V/2 (i = 1,...,N 4+ 1) in the
following form (no summation over k):

5g; = bzl +y;  (I=1,...,N), (32)
where J:;F and yf are obtained from the systems (¢, 7 =1,...,N)
k-1_k k—
hii 'zg + hi Ny = 0; (3.3)
RE 1k +gf =0 (3.4)

We have ¢) = 0 at the stationarity points of the total potential energy (equilibrium states) and
y! = 0 according to (3.4). A transition from one to another stationary point is performed over the norm
§st = (6q}6q})1/ 2(k=1andi=1,...,N+1) with subsequent refinement of the solution in the plane
orthogonal to the vector 8q!, i.e., §g}6gF =0 (k> 1and i =1,...,N +1) [19, 20]. With allowance for (3.2),
we obtain the formulas required to find Sqfv 1

Sqyy1 =265 /(1+ }zh? for k=1; (3.5)
Sqk1 = —zlyl /(1 +2lzb) for k> 1. (3.6)

The sign in (3.5) determines the direction of the continuation of the solution. In moving along the curve of
equilibrium states in a prescribed direction, the sign in (3.5) is chosen at each step of continuation from the
condition that the angle between the vectors §q! = [8q1,...,8q} _H]‘ calculated at two neighboring steps does
not exceed 7 /2.

The new positions of the metric vectors of the kinematic group can be found on the basis of the
calculated variations of the generalized coordinates using formulas of [18] (no summation over k and m):

Ik P = zvkn_il + 6:):5"-’

m: T
k k- k k— k k (k- k k k— k k
Amp.s = ’\mp.ls + Amei.‘i-”\mp}&wmi + Bm(Amp} 6wmi6wms - Am.;t‘ls‘s“"rm"s“"rni)
(i7ja §=1,23, m=0,1, andp= 1,2),
Ak, = sin 6wk J(6wE), BE = (1 — cos6uk,)/(8wk )2

In the case of singular points on the deformation curve, the square matrix ||hY;|| is degenerate and it
is necessary to distinguish singular points of two types, depending on whether system (3.3) is compatible or
not. If the system is not compatible, the general solution (3.1) for £ = 1 has the form

5Q}=Pifji; bgny1 =0 (t=1,...,01<Nandj=1,...,N),
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TABLE 1
Critical-point number
n 1 2 3
A.
2 4.904 —_ —
4 4.198 12.032 | 26.589
6 4.096 11.002 | 19.233
8 4.062 10.671 | 18.065
10 4.047 10.523 | 17.529
12 4.038 10444 | 17.224
0 04 u/L 08 Solution [22] | 4.01 | 1024 | —

Fig. 1

where g; are arbitrary factors and fj; are the linearly independent nontrivial solutions of the homogeneous
system of equations h?jf,',- =0¢(j=1...,N and r = 1,...,]). For convenience, we assume fj, to be
chosen such that the condition fj, fj, = d,r holds. Thus, the column vectors of the matrix || f;-|| determine
the possible directions of continuing the solution in the vicinity of a singular point. Here a transition to the
bifurcating solutions is performed with respect to the norm

§s! = (pt,p,-)l/2 (k=land r=1,...,]) (3.7)

with further refinement according to formulas (3.2) and (3.6).
If detllh?jn = 0 and system (3.3) is compatible, which is determined by the condition f,',hg' N1 =0
[20], the general solution is written in the form

6q}=6Q}V+lz11'+/‘ffjf (G=1,...,N, andr=l,...,l<N).

In this case, the solutions at any point in the neighborhood of a singular point can be obtained by both
formulas (3.5) and (3.6) and by formulas (3.7) and (3.6). We note that at ! = 1 the points of the types
considered are known as the limit and the bifurcation point [21].

The stability problem for the equilibrium states obtained is solved based on the Sylvester criterion on
the positive definiteness of the matrix ||h?1” Such information can be easily obtained by directly using the
Gauss method in solving systems (3.3) and (3.4).

4. We shall consider the application of the developed algorithm in analysis of the stability and post-
critical equilibrium forms of a cantilevered one-section beam loaded by a concentrated force P at its free end
in the plane of largest rigidity. The following characteristics were adopted for the beam: L/b = 10, b/h = 40,
and v = 0.3 (L is the beam length, b and k are the width and thickness of the cross section, and v is the
Poisson ratio).

Table 1 gives the dependences of the critical load parameter A, = P.L%/\/GJ - ET (EI is the smallest
flexural rigidity of the beam) on the number of finite elements n for the first three critical points. For
comparison, we present the analytical solution of [22] derived under the assumption that the beam is not
deformable in the subcritical state.

The post-critical behavior was studied with the use of a uniform grid consisting of 10 finite elements.
Figure 1 shows the nonlinear deformation characteristics where curves 1-3 correspond to the displacements
u; (1 = 1, 2, and 3) of the beam’s free end in the direction of the z; axes, and the solid and dashed curves
indicate the stable and unstable states, respectively. It follows from calculations that, having lost stability,
the displacement uz, which corresponds to the out-of-plane deformation of the beam, increases to a certain
limit and then decreases. For example, in bifurcating the solution from the first critical point, the maximum
displacement is u3'®* = 0.485L.

Figures 2 and 3 show, on a real scale, the forms of beam deformation in the post-critical region, which
correspond to the solution bifurcating from the first two bifurcation points.
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We shall consider the spectrum of nonlinear solutions in the problem of a circular ring of a narrow
rectangular cross section compressed by two radial forces P. The ring is characterized by the following
parameters: R/b = 10, b/h = 40, and v = 0.3 (R is the ring radius). The deformation forms that are
symmetric relative to the plane Oz1z3 were examined. Therefore, discretization was performed for half the
ring using a uniform grid comprising 28 finite elements. As additional numerical studies have shown, the
adopted degree of discretization is sufficient to obtain nonlinear solutions with high accuracy in a wide range
of form variations of the ring. No restrictions are imposed on the possibility of self-crossing the ring.

Figure 4 shows the nonlinear deformation characteristic, where w is the deflection at the point of
force application, EI is the smellest flexural rigidity, A = PR?/EI is a load parameter, the dot-and-dashed
curve refers to the linear solution of the problem, and the solid and dashed curves refer to the stable and
unstable equilibrium states, respectively. We note that the nonlinear solution at 0 < w/R < 1 was obtained,
for example, by Popov [23] for an unextensional ring. The study of the problem in a spatial formulation with
the use of the developed algorithm allowed us to reveal the previously unknown singular points and to study
the bifurcating solutions. The basic branch of the equilibrium states, which corresponds to the monotonically
increasing load, is characterized by plane symmetrical flexural forms of equilibrium of the ring (Fig. 5a). As
the load parameter grows to A, = 11.75, the possibility of branching the equilibrium forms (bifurcation point
B1) appears. The existence of the point Bl for an unextensional ring was shown by Seide and Albano [24]
in an analytical manner, and it was found that A, = 11.9, which differs little from the result obtained using
the developed algorithm. The nonlinear solution which bifurcates from the basic branch at the point Bl and
contains the limiting point L1 was analyzed by Kuznetsov and Soinikov [25]. The equilibrium forms for a ring
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x,/R a %,/R
1.0 1.0
0.5 0.5

State No. 1
0 v : . Y 0
xg/R b xz/R
0.51 0.54
State No.2
0 r v - y 0
x,/R c x,/R
oqm ..
State No.4
-0.5 - T T T v 0
-3 -2 -1 x/R -3.5
Fig. 5

Fig. 7

which correspond to the branch B1-L1 are plane and flexurable, but they do not possess the symmetry of
deformation (Fig. 5b and c).

Calculations have shown that there is one more bifurcation point B2 on the basic branch with A\, = 19.8
at which a transition to unstable spatial configurations of the ring is possible. This transition is connected with
the rotation of the ring about the Oz; axis (Fig. 6a). An analysis of the nonlinear solution that bifurcates at
the point B2 made it possible to find the limit point L2 (A, = 1.27) and the bifurcation point B3 (A, = 1.97)
such that having passed through it the spatial forms of equilibrium become stable (Fig. 6¢). The forms of
deformation of the ring that correspond to the branch B2-L2-B3 are flexural-torsional, the projection of the
axial line of the ring onto the plane Oz, being a symmetric curve.

Bifurcation of the solution at the point B3 means a transition to spatial unstable flexural-torsional
forms which do not possess any symmetry of deformation (Fig. 6b).

The forms of equilibrium for a ring were reproduced in the experiment on a thin celluloid model. Figure
7 shows a photograph of the deformed state of the ring that corresponds to Fig. 6b (state 6).

In concluding, we note that the finite-element model of a rod that we constructed and the numerical
algorithm developed allow one to solve effectively the complicated problems of spatial deformation of
curvilinear rods in the presence of many singular points, to examine the multiple bifurcation of solutions,
and to analyze the stability of the equilibrium states found.
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